Abstract. Medical statistics reveal a significant dependence of hospitalized dengue patient on the patient's age. To incorporate an age-dependence into a mathematical model, we extend the classical ODE system of disease dynamics to a PDE system. The equilibrium distribution is then determined by the fixed points of resulting integro-differential equations. In this paper we use an extension of the concept of the basic reproductive number to characterize parameter regimes, where either only the disease-free or an endemic equilibrium exists. Using rather general and minimal assumptions on the population distribution and on the age-dependent transmission rate, we prove the existence of those equilibria. Furthermore, we are able to prove the convergence of an iteration scheme to compute the endemic equilibrium. To validate our model, we use existing data from the city of Semarang, Indonesia for comparison and to identify the model parameters.
Introduction
In the current fashion of semi-linear hyperbolic PDE, age-structured population models have been appearing in the literature likely since 1972, where the pioneering model served to describe human demography [1] . Due to high practical relevance, ensuing models have thus been directed to understand disease epidemics [2, 3, 4] . For quite recent work, one may refer to [5, 6, 7] . Aspects regarding disease characteristics that are relevant to the modeling have been brought on the table, for example, vertical transmission, mode of disease trasmission from infectives to susceptibles (intercohort or intracohort), disease-related age-dependent deaths, age-dependent recovery rate, age-dependent natural death rate, measure on disease persistence (the basic reproductive number ), host-vector interaction, and bite structure. As high-throughput data are nowadays becoming more available, not only can one fix the existing models with close forms of parameters involved, but data assimilation practices can also be assigned to produce results that are readable throughout different disciplines. On the other hand, understanding data quality is also necessary to develop preliminary assessment before putting the data into modeling. Many previous papers on age-dependent models counted heavily on model novelties and the corresponding analytical aspects as well as numerical visualizations [5, 6, 7, 8, 9, 10, 11, 12, 13] . Most of them have left some parameters such as the infection rate and natural death rate appear in general forms, equipped with certain cost-to-go criteria for satisfactory analytical results. Notwithstanding data availability, these criteria have sensibly been built to generate broad feasible spaces within which optimal parameters resulted from data assimilation might instantly lie. These typically include positivity, boundedness (be it in the pointwise sense or in the sense of Lebesgue), and piecewise continuity.
Here we rest our novelty on two pillars: parameter modeling and data assimilation. The underlying model has been taken from the usual host-vector model with age structure in host population. Due to data unavailability, we exclude vector population in the model by the aid of time scale separation, in which way one can assume constancy of the population under a sufficiently large time scale. The resulting model is an SI model, which includes additional information in new parameters regarding the presence of vector population. Models to some parameters are thus initiated to let the model solution capture the dynamics of the data, without having to let the parameters timely unobservable. We use the data of annually recorded hospitalized cases in the city of Semarang, Central Java, Indonesia from 2009 to 2014 [14] . Due to such relatively short time horizon inherent from the data, we consider it inappropriate to model the whole data, where otherwise gives insensible prediction. We instead bring both the data and model to their steady states. The former was done by averaging the age-structured data in time, while the the latter is a feasible task. A model for the infection rate is thus inspired by the curve of this steady state of the data. A core iterative method for solving the steady state equation is done for a certain set of values to unobservable parameters, where the solution need not assimilate the steady state data. Optimal values for the parameters are thus found with respect to the variation of this set in the iterative manner. Further, an SIR counterpart is tested for a performance comparison, wherein the same procedure for finding optimal parameters is applied.
Mathematical modeling

2.
1. An age-structured SISUV model. Let p(t, x) = s(t, x) + i(t, x) denote the total host population at time t and of age x, subdivided into the susceptible and infected class. The human mortality rate µ(x) is obviously dependent on age, however is assumed to be independent of the infection status. The maximal age of hosts is denoted by A. The epidemic investigated here assumes no vertical transmission, i.e. all newborn hosts are susceptible. The corresponding birth rate of the hosts is denoted by b(x). The disease is transmitted from an infected vector to a susceptible host of age x at a certain age-dependent infection rate ϑ(x), assumed to be continuous. According to [15] , such infection rate folds terms such as mosquito biting rate and transmission rate, where the latter represents the probability that a single mosquito bite leads to a successful infection. The biting rate depends on host mobility that exposes them to vector agglomeration sites, while the transmission rate depends on host immunity that has been shown to be dependent on age [16] . We assume that infected hosts of any age lose immunity at a uniform rate γ. Regarding the vector population, age structure is ignorable due to a shorter lifespan of the vectors as compared to that of the hosts. The time-varying population M (t) = u(t)+v(t) comprises the susceptible and virus-carrying class. For simplicity, we assume that M follows the logistic-like equation dM/dt = λ − ρM , where λ, ρ denote the number of newborn vectors per unit time (recruitment rate) and vector mortality rate, respectively. At a rate σ(y), a virus is transmitted from an infected host of age y to a susceptible vector. The preceding description leads us to the following coupled PDE-ODE model
equipped by the initial condition
The scaling factor 1 N in the model equations captures the theoretical view of realistic mass action in manipulating transmission of infection according to population size [17] . The total host population itself satisfies the PDE
In the sequel, we consider the host population in the steady state. In particular, we assume a constant total host population N := A 0 p(x) dx. Ignoring the time variation in (2), we arrive at the explicit solution
b(y)p(y) dy denotes the total number of newborns. Relying on its formulation, it is quite reasonable to designate that p is a positive continuous function.
Model reduction.
For the sufficiently large time scale undertaken, we assume that the vector population cannot vary significantly within one unit time. Under a settling situation, the population ideally portrays the inherent nontrivial equilibrium. Due to its appearance in the host dynamics, we particularly are interested in the virus-carrying state
For the reason that hospitalized hosts i(y) are isolated in hygienic rooms, the presence of vectors is considered less likely. The biting rate of susceptible vectors to those hosts is therefore negligible, inducing σ(y) ≃ 0 or J/ρ ≪ 1. One can naturally neglect higher order terms of J/ρ in the Taylor expansion of v * and obtain
for some intermediateσ = σ(ỹ) withỹ ∈ (0, A). Using the equilibrium v * together with s(x) = p(x) − i(x) and setting w(x) := i(x)/p(x), we arrive at the equilibrium of the host dynamics
Here, the new infection rate is defined as θ(x) := ϑ(x)λσ/ρ 2 . Figure 1 . Data (year 2016; summed over both sexes) for the age pyramid (blue) and fitted parametric model (6) (red).
2.3.
Models for the total population and infection rate. The data of hospitalized cases are recorded from the city of Semarang, Indonesia. To accompany the data assimilation using these data, we first fit a parametric model
to available population data with age structure in Indonesia, see [18] . A comparison of the age pyramid in the year 2016 with our model (6) is shown in Figure 1 . The fitted parameter values are k 0 = 0.0181 · N , where N = 1.6 · 10 6 equals the total population of Semarang, and k 1 = 0.0984, and k 2 = 55.3. Based on this model, we can set (7) A = 100 as the maximal age; the population share older than A is thus negligible. The mortality rate µ(x) in a stationary situation can be obtained from (3):
For the age-dependent transmission rate θ, we assume that individuals of age around a certain reference value x p are at higher risk of getting infected than others. We consider a model for θ as a background transmission rate θ 0 superimposed by a Gaussian peak of height θ 1 centered around x p and with a width given by the parameter σ:
The parameters θ 0 , θ 1 and σ are naturally assumed to be positive. The reference value x p might also be negative indicating that the transmission rate is maximal for new borns and decreases with age. Despite its simple structure, the Gaussian peak model (8) is able to model the observed age distribution of dengue cases in the city of Semarang with quite high accuracy.
In Fig. 2 we show the stationary distribution of the infected compartment i(x) = w(x)p(x) (in solid blue) for a given infection rate θ(x) (in dashed red). 
Fixed point equation for the equilibrium
In this section we analyze the solvability of the equilibrium problem (5). To prove the existence of equilibria and convergence for an according iteration scheme in a rather generalized setting, we meet the following minimal assumptions on the coefficients and parameters:
(1) Let γ, A > 0; i.e. the rate of loss of infection and the maximal age are positive. p(x) dx = 1, i.e. the population is normalized. For brevity, we also introduce the following notations
and the triangle
Note that Λ(x, s) > 0 for (x, s) ∈ Ω. In analogy to classical epidemiological models, we define the basic reproductive number as
With these preparations we can now list preliminary lemmata.
Lemma 1. For any Q ∈ R, the solution w(x; Q) of the ODE (5a) is given by
The parameter Q itself satisfies the scalar fixed point equation
Lemma 2. Let Q > 0. Then 0 < w(x; Q) < 1 for all x > 0 and w(x; Q) = 0 if and only if x = 0. Furthermore, Q > 0 implies Q < 1.
Solutions of the SI model (5) or the fixed point problem (11) , which are of significant practical relevance require nonnegative populations, i.e. w, Q ≥ 0. Later on, we also need the following estimate for Q = 1.
Proof. Due to Lemma 2, we know that w is bounded by 1 from above. Suppose that w(x; 1) attains a maximum at x = ξ, i.e. w ′ (ξ; 1) = −(γ + θ(ξ))w(ξ; 1) + θ(ξ) = 0. Then
3.1. Existence of equilibria. We define the mapping F : R → R by
Solutions to the fixed point problem (11) are either given by the trivial solution Q = 0 or satisfy
Proof. The statement for F (0) is obvious and the other is due to
Lemma 5. The function F is differentiable and satisfies for all Q ∈ (0, 1]:
Proof. The nonnegativity of F ′ is obvious. On the other hand, the function g 1 (y; Q) := y · e −Qy is bounded with respect to y by 0 ≤ g 1 (y; Q) ≤
Q , where the maximum is attained for y = 1/Q. Therefore,
Theorem 6 (Existence of solutions). For the fixed point problem (11), it holds that Finally, we consider the behavior of the non-trivial solution Q * in the limit
F (1)+R0−1 denote the root of the secant connecting F (0) and F (1).
F is strictly concave and hence 0 < Q * < Q. Using the estimate F (1) > γ γ + θ max , we yield the desired result owing to Lemma 4.
As R 0 get larger than 1, the trivial fixed point Q = 0 bifurcates and the nontrivial solution Q * (R 0 ) < R0−1 γ γ+θmax +R0−1 emerges.
3.2.
Convergence of a fixed point iteration scheme. To solve the original problem (5) we propose an iterative scheme:
(1) Given an initial guess
The initial guess Q (0) = 0 can be excluded since in this case we directly obtain w (j) ≡ 0 and hence Q (j) = 0 for all j ∈ N. Using the explicit solution formula (10) for w we obtain the iteration
Here
It is obvious, that T (0) = 0 and T (Q * ) = Q * provided Q * exists as well as T (1) = 1 − F (1) < 1 due to Lemma 4.
Lemma 8. The iteration map T is differentiable and
(1)
Proof. The first statement is obvious using T ′ (Q) = 1 − F (Q) − Q · F ′ (Q) and the second one follows from Q * > 0 and F ′ (Q) > 0 for Q > 0.
Lemma 9. For R 0 < 2e ≃ 5.47, we have −1 < T ′ (Q * ) < 1.
Proof. Let R 0 < 2e. Using F (Q * ) = 0 and Lemma 5 we get
Summarizing these findings, we arrive at the following result.
Theorem 10. The fixed point iteration (14) has the following convergence properties:
(1) For 0 < R 0 < 1, the trivial fixed point Q = 0 is the only fixed point in [0, 1] and the fixed point iteration is locally convergent to Q = 0, i.e. T Q (j) → 0.
(2) For 1 < R 0 < 2e, a non-trivial fixed point Q * ∈ (0, 1) exists and the fixed point iteration is locally convergent to Q * . The trivial fixed point Q = 0 is locally repelling in this case.
Proof. Let Q denote any of the fixed points and define
A linearization yields
For 0 < R 0 < 1 we only acquire the fixed point Q = 0 and T ′ (0) = R 0 < 1; hence it is locally attractive. If R 0 > 1, Q = 0 is still a fixed point, but it turns to be locally repelling due to T ′ (0) = R 0 > 1. For R 0 > 1, the second fixed point Q = Q * appears and for R 0 < 2e we have −1 < T ′ (Q * ) < 1, i.e. local attractivity.
In the case of R 0 ≥ 2e we fail to show the local convergence of the fixed point iteration. However, as seen later, the practical relevant cases solely cover the basic reproductive number that is far below this technical bound of 2e. In Figure 3 we show a contour plot for R 0 depending on the rate γ and the reference value for maximal transmission x p . The shape parameters θ 0 , θ 1 and α of the transmission function (8) agree with the optimized values given in Table 1 . 3.3. Approximate analytical solution. Here, we consider an approximate solution for a simplified version of the fixed point problem (5). We assume a transmission rate θ(x) ≡ θ 0 independent of the age x and a linear behaviour of the population
and the basic reproductive number R 0 equals (15)
for k = θ 0 A and δ = Aγ and f (δ) :
which is actually a constant, the ODE (5a) simplifies to
with the solution
Hence, we are able to compute α and obtain
Obviously α = 0, i.e. w(x) = 0 for all x, is a solution corresponding to the trivial disease free equilibrium. Other biologically reasonable solutions require w > 0 and hence α > 0. To determine these solutions, we introduce z := A(γ + α) and arrive at the equation
Here, biologically reasonable solutions with α > 0 require that z > Aγ = k · γ/θ 0 . Typically, 0.1 θ 0 1 and A = 100, hence k ≫ 1. To seek the roots of (16) depending on k, we use the scaling z = k b y. Balancing the individual terms in (16) yields reasonable results only for b = 1, i.e. z = ky. Introducing ε := 1/k ≪ 1 and canceling the exponentially small term 2ε 3 e −y/ε , we arrive at the cubic equation
Using a regular asymptotic expansion y ≃ y 0 + εy 1 + ε 2 y 2 , we obtain
Here, y 0 = 1 is the only interesting solution not leading to the disease-free equilibrium. We thus proceed further with this solution. For the next orders we obtain
Therefore, we obtain the expansion
In Figure 4 , we show a graphical comparison of the solution for the full equation (16), the cubic equation (17) (written for z instead of y), and the asymptotic expansion (19). Combining the expansion (19) with the requirement z > k · γ/θ 0 , we observe that for γ > θ 0 , there cannot be any biologically relevant solution of the fixed point equation besides the trivial disease-free equilibrium. This matches with an analysis based on the basic reproductive ratio, see (15) . For δ = Aγ > Aθ 0 = k, we get that R 0 = k · f (δ) < k · f (k) < 1 and hence only the trivial disease-free equilibrium exists.
Using the two-term expansion z ≃ k − 2 we are able to determine (17) written for z instead of y (dashed red) and the asymptotic expansion (19) (dashed green). For k ≫ 1, the asymptotic expansion z ≃ k − 2 − 2/k provides a good approximation of the non-trivial solution of the transcendental equation
With this approximate value of α, we get
and
Note, that the endemic equilibrium 1 − γ θ0 of a standard SI model without age structure matches with the expansion of Q for k = Aθ 0 ≫ 1. Figure 5 provides an overview of the relative number of registered cases for 14 age classes. During the observation period, the annual total number of dengue cases varied significantly. The peak year 2010 recorded a total of more than 5.500 cases compared to the minimum of just 1.250 cases in 2012. However, the data clearly show, that the relative occurrence of dengue cases within each age class remained rather similar for all six years despite the large variations in the total number of cases within each year. Therefore, we henceforth neglect the variations from one year to another and instead consider the average over the given six year period in final comparison of SI and SIR model. 
Parameter estimation.
In a consecutive step, we will use the age-structured SI model (5) to predict the age distribution of dengue cases. For that purpose we need to identify the parameters c := (θ 0 , θ 1 , x p , σ) shaping the transmission rate θ, as well as the rate of loss of immunity γ > 0. We estimate these model parameters, such that the model solution w and the observed data agree in the least-squared sense:
Under certain discretization strategies for the objective function and constraint, this infinite-dimensional transforms into a finite-dimensional minimization problem that can be solved by any standard method. The numerical results of the minimization, using either the average of dengue cases in the six years 2009-2014 or just one single year are given in Table 1 . Table 1 . Optimized parameter values for the transmission rate θ and rate of loss of immunity γ. As reference data we used either the average over all six years or just the data from each single year.
The optimized parameter given in Table 1 show that the peak in the transmission rate actually occurs at young ages. The parameter x p being slightly negative implies that the maximum of θ occurs for newborns and with increasing age, the risk of getting infected is decreasing. Based on this model for the transmission rate, we are able to reproduce the observed data quite well. Using the annual averaged data, the maximal absolute difference between the simulation and the data equals to 33 cases and occurs for the age cohort between 15 and 20 years.
In Figure 6 , we depict the simulation results for the different age cohorts. The given data include infected cases of age less than 1 year. This information is excluded in our model since we have assumed no vertical transmission. In the senior age classes, the given data only reports for age older than 60 years with no further subdivision. 
This fixed point problem is again solved by an iterative method analogue to the SI model and again the model parameters (c, γ) are identified based on the given data averaged over the six years period 2009-2014. In Figure 7 we show a comparison of averaged field data with the simulation results for the optimized SI and SIR model. Table 2 provides the according optimal parameter values for the SI and SIR model. Note, that the SIR model produces a slightly better agreement with the averaged data reducing the L 2 -error by around 5%. The mortality rate and transmission rate in the age-independent model are called µ andθ. The rate of loss of immunity γ is assumed to be equal in both the agestructured and age-independent model. To compare the results given in Table (2) for the equilibrium distribution of the age-structured SIR-Model (23) with an ageindependent model, we balance the total number of newborns p(0) in the agestructured model andμN in the age-independent model to obtainμ = Whether this age-independent transmission rateθ can be directly obtained by analytic computations just using the PDE model is left for future research.
Conclusion
Medical statistics have shown a significant age-dependence in dengue infections. Extending the standard ODE-governed SI(R) models to PDE-governed models incorporates the age structure into the mathematical equations. Equilibrium distributions are then governed by the fixed points of resulting integro-differential equations. An extension of the concept of the basic reproductive number allows to characterize the parameter regimes, where just disease-free or also endemic equilibria exist. Furthermore, the convergence of an iteration scheme to compute the endemic equilibrium has been shown. Existing data from the city of Semarang, Indonesia have been used to validate the steady-state distribution and identify unobservable model parameters. With respect to the L 2 -error, the output of the age-structured SI model and given data show a high level of agreement. Extending the SI model to a more realistic SIR model yields a further reduction of the L 2 -error. Comparing the age-structured with the age-independent model allows to determine equivalent effective age-independent transmission rates. Whether and how those rates can be directly obtained from analytic computations is left for future research.
